








Algebra Universalis

A proof of Frankl’s union-closed sets conjecture for
dismantlable lattices

Vinayak Joshi, B. N. Waphare, and S. P. Kavishwar

Abstract. In this paper, we prove Frankl’s Union-Closed Sets Conjecture for the
class of dismantlable lattices, a more general class than the class of planar lattices.
As a consequence of this result, we also prove that an upper semimodular lattice with
breadth at most two satisfies the Conjecture.

1. Introduction

In 1979, Peter Frankl conjectured the following, known as the Union-Closed

Sets Conjecture or Frankl’s Conjecture.

Union-Closed Sets Conjecture 1.1. Let F be a collection of subsets of

a finite set X such that F ∪ G ∈ F holds for all F,G ∈ F , that is, F is a

union-closed family. If |F| ≥ 2, then there is an element x in X such that at

least |F| /2 members F ∈ F satisfy x ∈ F .

Poonen [9] seems to be the first one who formulated the Conjecture in the

language of lattice theory; see also Stanley [13, p. 161].

Frankl’s Conjecture 1.2 (Poonen [9], Stanley [13]). In every finite lattice L

with |L| ≥ 2, there is a join-irreducible element j (that is j = a ∨ b ⇒ j = a

or j = b) such that |{x ∈ L : j ≤ x}| ≤ |L| /2.

This conjecture is equivalent to the Union-Closed Sets Conjecture. In [9],

Poonen proved that this conjecture is true for finite geometric lattices and

relatively complemented lattices.

Despite its elementary statement, the Union-Closed Sets Conjecture is con-

sidered to be one of the most difficult problems in extremal set theory. The

conjecture remains unsolved, though some partial results have been obtained.

Mainly, two approaches were used to solve the conjecture, one using pure com-

binatorial arguments and the second by the use of lattice theoretic methods.

In recent years, there has been a greater use of lattice theoretic methods to

solve the conjecture for special classes of lattices; see Abe and Nakano [2],

Czédli and Schmidt [5], Shewale, Joshi and Kharat [12].
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